A finite nonabelian simple group is called a simple K n -group, if the order of G has exactly n distinct prime factors. M. Herzog and W.J. Shi gave a characterization of simple K n -group for n = 3, 4, respectively. In this paper, we characterize all simple K n -groups for n = 5, 6.
Introduction
First we need some notation. Given a natural number n and a finite simple group G, we denote by π(n) and Π(G) the number of distinct prime factors of n and the set of distinct prime factors of |G|, respectively. We say that G is a simple K n -group, if |Π(G)| = n. Also when a, b are two natural numbers, by (a, b) we mean gcd(a, b). The rest of notation is standard and you can find them for example in [2] .
Huppert in [5] studied the following conjecture:
Conjecture 1 Let H be a finite nonabelian simple group and denote by cd(H) the set of the degrees of the irreducible complex characters of H. If cd(H) = cd(G) for some finite group G, then G ∼ = H × A with A abelian.
He proved this conjecture for some H by the following procedure:
In the first step he showed that G = G . In a second step he proved that whenever G /M is a chief factor of G, then G /M ∼ = H. To prove this critical step assume that G /M ∼ = S 1 × · · · × S k with S i ∼ = S being simple and let Π be the set of primes which divides some degree of G. Then the degrees of S are only divisible by primes in Π. Hence by the theorem of Ito and Michler, S is a Π-group. For this step (and finally the proof of the conjecture) we need to know all the simple Π-groups. If we could characterize all of simple K n -groups for arbitrary n, then we know all the simple Π-groups, when |Π| = n. Herzog in [4] proved that there are eight simple K 3 -groups
, U 3 (3) and U 4 (2).
Also Shi in [7] and Bugeaud, Cao and Mignotte in [1] gave a characterization of all simple K 4 -groups and showed a simple K 4 -group is isomorphic to one of L 2 (q), where q is a prime power satisfying q(q 2 − 1) = (2, q − 1)2 a 3 b p c r d with p, r > 3 distinct primes and a, b, c, d natural numbers, or one of the 31 other simple groups
In this paper we characterize all simple K n -groups for n = 5, 6. In fact we prove the following Theorems:
) where π((2 2m+1 − 1)(2 4m+2 + 1)) = 4, R(q) where q is an odd power of 3 and π(q 2 − 1) = 3 and π(q 2 − q + 1) = 1 or one of the 30 other simple groups
) where π((3 2m+1 − 1)(3 6m+3 + 1)) = 5 or one of the 38 other simple groups
, O 9 (3), P Sp 6 (4), P Sp 6 (5), P Sp 6 (7), P Sp 8 (3),
After collecting some preliminary results from elementary number theory which play the most important roles to prove Theorems A and B in this section, the proof of Theorem A is carried out in section 2 in a series of lemmas and the proof of Theorem B is carried out in section 3. Finally we list some open problems of interest.
Theorem 1.1 ([8])
If p is a prime and n ≥ 2, then there exists a prime z such that z | p n − 1 and z does not divide p m − 1 for 1 ≤ m < n unless either 1. p = 2 and n = 6 or 2. p = 2 q − 1 is a Mersenne prime and n = 2. 1. q = 2, p = 3, n = 3 and m = 2.
2. q = 2, m = 1, n is a power of 2 and p = q n + 1 is a Fermat prime.
3. p = 2, n = 1 and q = p m − 1 is a Mersenne prime; in particular, m is prime. Lemma 1.3 Let q = p n be a prime power. Then the following hold:
1. q 2 − 1 has at most two different prime divisors if and only if q ∈ {2, 3, 4, 5, 7, 8, 9, 17}.
2. q 4 − 1 has at most three different prime divisors if and only if q ∈ {2, 3, 4, 5, 7, 9}.
3. q 6 − 1 has at most three different prime divisors if and only if q ∈ {2, 3}.
4. q 8 −1 has at most four different prime divisors if and only if q ∈ {2, 3, 4, 5, 7}.
5. q 6 − 1 has exactly four different prime divisors if and only if q ∈ {4, 5, 7, 8}.
Proof Assume first that p = 2 and n ≥ 4. Hence 2 n − 1 = r α and 2 n + 1 = s β with prime numbers r and s and α, β ≥ 1. By Lemma 1.2, n is a prime and also n is a power of 2; i.e. n = 2, a contradiction. Hence we assume that p is odd. Since (p n − 1, p n + 1) = 1, we get p n − 1 = 2 m or p n + 1 = 2 m for some m ≥ 1.
If p n − 1 = 2 m and p n ∈ {3, 9}, then by Lemma 1.2 we get n = 1 and p = 2 m + 1 is a Fermat prime with m = 2 k ≥ 2. Moreover, we have p + 1 = 2r α for some prime r and some α ≥ 1; hence r α = 2 m−1 + 1. By Lemma 1.2 again we obtain r α = 3 2 or m − 1 = 2 l for some l ≥ 0. The first case yields p = 17 and the other case yields m = 2 and thus p = 5.
Next if p n +1 = 2 m ≥ 8, then by Lemma 1.2, n = 1 and p = 2 m −1 is a Mersenne prime; in particular m is prime. Moreover, p − 1 = 2(2 m−1 − 1) = 2r α for some prime r and some α ≥ 1. Hence we have r α = 2 m−1 − 1. Applying Lemma 1.2 again we get α = 1 and m − 1 is prime. Since m is prime, we get m = 3 and p n = 7. This proves the claims in part (1) .
In order to prove parts (2) and (3), let r ∈ {4, 6} and note that q r − 1 has a prime divisor which does not divide q 2 − 1 by Theorem 1.1. Therefore q ∈ {2, 3, 4, 5, 7, 8, 9, 17} by part (1) . Now a straightforward check implies q ∈ {2, 3} if r = 6 and q ∈ {2, 3, 4, 5, 7, 9} if r = 4.
To prove part (4), with the same proof as above, q 8 − 1 has a prime divisor which does not divide q 4 − 1. Therefore q ∈ {2, 3, 4, 5, 7, 9} by part (2) . Now simple calculation proves the claim in this part.
Finally to prove part (5), we have q = 2. There are distinct prime factors z 1 and z 2 of q 6 − 1 and q 3 − 1, respectively, such that z 1 q k − 1 for 1 ≤ k ≤ 5 and z 2 q k − 1 for 1 ≤ k ≤ 2. Hence q 2 − 1 has at most two different prime divisors. Therefore q ∈ {2, 3, 4, 5, 7, 8, 9, 17} by part (1), and a simple calculation completes the proof. 2 Simple K 5 -groups A straightforward inspection reveals the following Lemma:
Lemma 2.1 Suppose that G is a finite simple group of alternating or sporadic type with |Π(G)| = 5. Then G is isomorphic to A n for some n ∈ {11, 12} or to M 22 , J 3 , HS, He or M cL.
In view of the last result our main concern in this section and the next section will be the groups of Lie type. The strategy will be to deal with the various types by induction on the Lie rank. In doing so we shall make frequent use of well known formulae for the various groups of Lie type. For these and for coincidence of isomorphism types of groups of Lie type we refer the reader to [3] .
Lemma 2.2 Suppose that G is a simple group of type A n (q) and |Π(G)| = 5. Then n ≤ 5 and one of the following holds:
1. n = 1 and q 2 − 1 has exactly four different prime divisors.
2. n = 2 and (q 2 − 1)(q 3 − 1) has exactly four different prime divisors.
3. n = 3 and q ∈ {4, 5, 7}.
4. n = 4 and q ∈ {2, 3}.
n = 5 and q = 2.
Proof For n = 1 and n = 2, the statements (1) and (2) are obviously true. In order to prove the Lemma for n = 3, we note that |A 3 (q)| = For n = 5, we have |A 5 (q)| = 1 (6,q−1) q 15 (q 2 − 1)(q 3 − 1)(q 4 − 1)(q 5 − 1)(q 6 − 1) So if q = 2, then by Theorem 1.1, |A 5 (q)| has at least 6 different prime divisors. Now with the same proof we get |Π(A 6 (q))| ≥ 6 for all q and because |A 6 (q)| | |A n (q)| for all n ≥ 6, we have |Π(A n (q))| ≥ 6 and this completes the proof.
2 Lemma 2.3 Suppose that G is a simple group of type B n (q) or C n (q) with n ≥ 2 and |Π(G)| = 5. Then n ≤ 4 and one of the following holds:
1. n = 2 and q 4 − 1 has exactly four different prime divisors.
2. n = 3 and q = 3.
3. n = 4 and q = 2.
Proof Note that for all q, we have B 2 (q) ∼ = C 2 (q) and if n ≥ 3, then |B 2 (q)| = |C 2 (q)|. Now the statement for n = 2 is obviously true.
For n = 3, we have |B 3 (q)| = q 5 (q 6 − 1)|B 2 (q)|. Suppose q = 2, so q 6 − 1 has a prime divisor which does not divide |B 2 (q)| and therefore |Π(B 2 (q))| ≤ 4. Hence q belongs to {3, 4, 5, 7, 9}. Now straightforward check implies the statement. For the case n = 4, we have |B 3 (q)| | |B 4 (q)| and so we have |Π(B 3 (q))| ≤ 5, therefore q belongs to {2, 3}. A straightforward calculation shows that only q = 2 is acceptable. We have |B 4 (q)| | |B 5 (q)| and |Π(B 5 (2))| = 7, therefore n = 5. Now for n ≥ 5 we have |B 5 (q)| | |B n (q)|; hence n 5 and the proof is completed. 2
Corollary 2.4 Suppose that G is a simple group of type D n (q) with n ≥ 4 and |Π(G)| = 5. Then n = 4 and q = 3.
Proof For n = 4, we have |A 3 (q)| | |D 4 (q)|, thus q belongs to {2, 3, 4, 5, 7}. A straightforward check gets q must be 3. With the same method for n = 5 and n = 6, we have |A 4 (q)| | |D 5 (q)| and |A 5 (q)| | |D 6 (q)| and therefore q belongs to {2, 3} and {2}, respectively which are impossible. For n ≥ 7 also we have |A 6 (q)| | |D n (q)| and so |Π(D n (q))| ≥ 6 and the proof is complete. 2
Lemma 2.5 Suppose that G is a simple group of type E n (q) with n ∈ {6, 7, 8}, then |Π(G)| ≥ 8.
Proof We have |E 6 (q)| = 3 q−1 q 36 (q 12 − 1)(q 9 − 1)(q 8 − 1)(q 6 − 1)(q 5 − 1)(q 2 − 1) and therefore q k − 1 | |E 6 (q)| for all k ∈ {1, 3, 4, 5, 8, 9, 12}. By Theorem 1.1, we have |Π(E 6 (q))| ≥ 8. The proof for the cases n = 7 and 8 is the same.
2 Lemma 2.6 Suppose that G is a simple group of type F 4 (q), then |Π(G)| > 5.
Proof Similar to the proof of Lemma 2.5, we have
Corollary 2.7 Suppose that G is a simple group of type G 2 (q) and |Π(G)| = 5. Then q ∈ {4, 5, 7, 9}.
Proof We have |G 2 (q)| = q 6 (q 2 − 1)(q 6 − 1). Now the result immediately follows by part (5) of Lemma 1.3. 2 Lemma 2.8 Suppose that G is a simple group of type 2 A n (q) with n ≥ 2 and |Π(G)| = 5. Then n ≤ 5 and one of the following cases holds:
1. n = 2 and (q 2 − 1)(q 3 + 1) has exactly four different prime divisors.
2. n = 3 and q ∈ {4, 5, 7, 9}.
3. n = 4 and q = 3.
Proof The result is obvious for n = 2. Assume that n = 3 and q = 2. We have Proof We have | 3 D 4 (q)| = Q 12 (q 2 − 1)(q 6 − 1)(q 8 + q 4 + 1). By Theorem 1.1, there is a prime z such that z | q 12 − 1 and z q k − 1 for 1 ≤ k ≤ 11; particularly z q 4 − 1. Since q 12 − 1 = (q 4 − 1)(q 8 + q 4 + 1), z | q 8 + q 4 + 1. But also z q 6 − 1 and therefore q 6 − 1 has at most three different prime divisors and so by part (3) of Lemma 1.3, q belongs to {2, 3}. Now a straightforward check completes the proof.
2
Lemma 2.12 Suppose that G is a simple group of type 2 E 6 (q), then |Π(G)| > 6.
Proof With a simple calculation we get |Π( 2 E 6 (2))| ≥ 7. If q = 2, then q k − 1 | | 2 E 6 (q)| for all k ∈ {1, 3, 4, 6, 8, 12} and by Theorem 1.1, we get |Π( 2 E 6 (q))| ≥ 7.
Lemma 2.13 If G is a simple group of type 2 F 4 (q) with q = 2 2m+1 and |Π(G)| ≤ 6, then q = 2 and G ∼ = 2 F 4 (2) and |Π(G)| = 4.
Proof Similar to the proof of Lemma 2.2, there are primes z 1 , z 2 such that z 1 | q 6 −1 and z 2 | q 3 − 1, but z 1 , z 2 q 4 − 1. Thus π(q 4 − 1) ≤ 3 and so q belongs to {2, 3, 4, 5, 7, 9}. Since q is a power of 2, by a simple calculation we get q = 2. 2 Lemma 2.14 Suppose that G is a simple group of type 2 G 2 (q) with q = 3 2m+1 and |Π(G)| = 5. Then q 2 − 1 has exactly three different prime divisors.
Since q is a multiple of 3, we have the following relations:
Therefore (q 2 − q + 1, q 2 − 1) = 1 and so q 2 − 1 has at most three different prime divisors. Now if π(q 2 − 1) ≤ 2, then q belongs to {2, 3, 4, 5, 7, 8, 9, 17}. Since q is an odd power of 3, only q = 3 can be acceptable that is impossible. So we have π(q 2 − 1) = 2 and therefore q 2 − q + 1 is a prime power. 2
Now Lemmas 2.1-2.14 complete the proof of Theorem A.
3 Simple K 6 -groups
Another straightforward inspection reveals the following Lemma:
Lemma 3.1 Suppose that G is a finite simple group of alternating or sporadic type with |Π(G)| = 6. Then G is isomorphic to A n for some n ∈ {13, 14, 15, 16} or to M 23 , M 24 , J 1 , Suz, Ru, Co 2 , Co 3 , F i22 or Hn.
Lemma 3.2 Suppose that G is a simple group of type A n (q) and |Π(G)| = 6. Then n ≤ 6 and one of the following holds:
1. n = 1 and q 2 − 1 has exactly five different prime divisors.
2. n = 2 and (q 2 − 1)(q 3 − 1) has exactly five different prime divisors.
3. n = 3 and (q 2 − 1)(q 3 − 1)(q 4 − 1) has exactly five different prime divisors.
4. n = 4 and q = 7.
5. n = 5 and q = 3.
6. n = 6 and q = 2.
Proof For n = 1, 2, 3, the statements (1), (2) and (3) are obviously true. In order to prove the Lemma for n = 4, we note that (q 5 − 1)|A 3 (q)| | |A 4 (q)|. By Theorem 1.1, there is a prime number z such that z | q 5 − 1 and z |A 3 (q)|. Therefore we must have |Π(A 3 (q))| ≤ 5 and so q belongs {2, 3, 4, 5, 7} by Lemma 2.2. Now a simple calculation completes the proof. Assume n = 5 and q = 2. Similar to the last case, we must have |Π(A 4 (q))| ≤ 5 and so q belongs {2, 3} by Lemma 2.2. Now a simple calculation completes the proof. For n = 6, proof is similar to the last two cases and if n ≥ 7 and |Π(A n (q))| = 6 then we must have |Π(A n−1 (q))| ≤ 5 which has no answer. 2 Lemma 3.3 Suppose that G is a simple group of type B n (q) or C n (q) with n ≥ 2 and |Π(G)| = 6. Then n ≤ 4 and one of the following holds:
1. n = 2 and q 4 − 1 has exactly five different prime divisors.
2. n = 3 and q ∈ {4, 5, 7}.
Proof The statement for n = 2 is obviously true because |B 2 (q)| = 1 (2,q−1) q 4 (q 2 − 1)(q 4 − 1). For n = 3, we have |B 3 (q)| = 1 (2,q−1) q 9 (q 2 − 1)(q 4 − 1)(q 6 − 1). There is a prime number z such that z | q 4 − 1 and z q k − 1 for k = 1, 2, 3. We claim that z q 6 − 1. For the proof, we have z q 2 − 1 and so z | q 2 + 1 and therefore z | q 3 + q. If z | q 6 − 1, then we must have z | q 3 + 1 and therefore z | (q 3 + q) − (q 3 + 1) = q − 1, a contradiction. Hence π(q 6 − 1) ≤ 4 and q belongs to {2, 3, 4, 5, 7, 8}. Now a straightforward check completes the proof. For the case n = 4, we have (q 8 − 1)|B 3 (q)| | |B 4 (q)|. Therefore by Theorem 1.1, there is a prime z such that z | |B 4 (q)| and z |B 3 (q)| and so we must have |Π(B 3 (q))| ≤ 5, therefore q belongs to {2, 3}. A straightforward calculation now shows that the only solution is q = 3. If n ≥ 5, then there is a prime z such that z | |B n (q)| and z |B n−1 (q)| and so we must have |Π(B n−1 (q))| ≤ 5, therefore n − 1 = 4 and q = 2. But |Π(B 5 (2))| = 7. Hence n < 5 and the proof is completed.
2 Lemma 3.4 Suppose that G is a simple group of type D n (q) with n ≥ 4 and |Π(G)| = 6. Then n = 4 and q ∈ {4, 5, 7} or n = 5 and q = 2.
Proof For n = 4, we have |D 4 (q)| = 1 (4,q 4 −1) q 12 (q 2 − 1)(q 4 − 1) 2 (q 6 − 1). Similar to the proof of Lemma 2.2 and by Theorem 1.1, there are prime numbers z 1 , z 2 such that z 1 | q 6 − 1 and z 2 | q 3 − 1 but z 1 , z 2 q 4 − 1. Thus π(q 4 − 1) ≤ 3 and so q belongs to {2, 3, 4, 5, 7, 9}. A simple calculation completes the proof. For n = 5, we have |A 4 (q)| | |D 5 (q)|, therefore q belongs to {2, 3, 7}. A simple calculation now completes the proof. For n = 6, we have |D 5 (q)| | |D 6 (q)|, therefore |Π(D 5 (q))| ≤ 6 which its only solution is q = 2 and it is impossible. Also |D 6 (q)| | |D 7 (q)| and therefore |Π(D 7 (q))| ≥ 7. Now define f (q) = q 56 Π 7 i=1 (q 2i − 1). Hence for all n ≥ 8, we have |A 7 (q)| | f (q) | |D n (q)| and since |Π(A 7 (q))| ≥ 7 we have |Π(D n (q))| ≥ 7 and the proof is completed. 2 Lemma 3.5 Suppose that G is a simple group of type F 4 (q) and |Π(G)| = 6, then q = 2.
Proof We have |Π(F 4 (2))| = 6 and if q = 2, then similar to the proof of Lemma 2.5 we have q k − 1 | |F 4 (q)| for all k ∈ {1, 3, 4, 6, 8, 12} and by Theorem 1.1 we have |Π(F 4 (q))| ≥ 7. 2
The next Lemma is obvious by the order of the group: Lemma 3.10 Suppose that G is a simple group of type 3 D 4 (q) and |Π(G)| = 6. Then q ∈ {4, 5}.
Proof Similar to the case |Π(G)| = 5, q 6 − 1 has at most four different prime divisors and so by parts (3) and (5) of Lemma 1.3, q belongs to {2, 3, 4, 5, 7, 8}. Now a straightforward check completes the proof. 2
Lemma 3.11 Suppose that G is a simple group of type 2 G 2 (q) with q = 3 2m+1 and |Π(G)| = 6. Then q 2 − 1 has at most four different prime divisors.
Proof The proof is similar to the case |Π(G)| = 5. 2
Lemmas 3.1-3.11 together with Lemmas 2.5, 2.12 and 2.13 proves Theorem B.
At the end, we list two interesting open problems related to K n -simple groups:
Problem 3.12 For which power primes q does q 2 − 1 have at most five different prime divisors? Problem 3.13 For which natural numbers m does 2 2m+1 − 1 have at most three different prime divisors?
